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The interaction between beams of particles and traveling electromagnetic waves forms the basis of a large number of
practical devices. Well-known examples are particle accelerators, microwave tubes, the cyclotron maser, and more
recently, the free-electron laser. Such interaction is also responsible for the phenomenon of Landau damping which occurs
in plasmas and intense accelerator beams. In this paper the basic characteristics of the wave-particle interaction are
examined in a general way and illustrated with reference to the above examples.
II. SINGLE PARTICLE IN A
UNIFORM WAVE
where m* is defined as the effective mass, to be







1> = wt - kzz
¢ = w - k z f3 zc,
associated with the collective effects to other char-
acteristic frequencies ofthe system is not small. The
analysis in this paper will be confined to the first
regime. Extension to the second is relatively straight-
forward; the third, however, requires a more sophis-
ticated approach.
The simplest situation, to be considered first, is that
of a particle and wave both traveling in the z
direction, where the wave has an electric field of the
form
and the particle velocity is z. Relativistic units
will be used, so that z is written f3 zC, and yz =
(1-f3;)-Y2. If ¢ represents the phase of the particle
with respect to the zero of the wave, (Fig. 1) then
The particle obeys the equation of motion
Many devices depend for their operation on the
coherent interaction between traveling electromag-
netic waves and streams of particles. Such an
interaction forms the basis of linear particle ac-
celerators, traveling-wave tube amplifiers and the
free-electron laser. The spatial and temporal var-
iation of such waves is characterized by the factor
cos (wt - kz + l/J). In some devices, for example
cyclic accelerators, magnetrons and the cyclotron
maser, the wave has angular rather than linear
velocity so that kz in the argument of the cosine is
replaced by nO. Coherent interaction between waves
in a plasma or intense accelerator beam and some of
the particles that constitute it gives rise to the
phenomenon of Landau damping.
Detailed theories describing these devices tend to
be complicated and specialized. The object of the
present paper is to present a simple, general treat-
ment of the interaction of particles with traveling
waves in terms of a few characteristic parameters.
These general parameters may then be expressed in
particular form for particular applications. The
objective is not to enable calculations of immediate
practical value to be made, but rather to illustrate
common features not always apparent in the con-
ventional theories.
Three regimes of operation may be distinguished;
in the first of these, the particle density is sufficiently
dilute that the amplitude of the external wave is not
affected. In the second, the presence of the particles
affects the wave amplitude, but direct interaction
between particles can be neglected. In the third
regime, interaction between the particles is sig-
nificant; when this is so the ratio of frequencies
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z at t =0
FIGURE 1 Diagram to illustrate the definition of ¢.
(5)
itudinal relativistic mass. [It is readily verified that




This may be written
~ ymoc2 = ~f3(dy/d f3)m oc 2= f3 y 3~f3moc2. (9)
III. ENERGY INTERCHANGE BETWEEN
THE WAVE AND AN ENSEMBLE OF
PARTICLES
where
Integrating Eq. (6), we have
¢2 - ¢~ = 202(cos¢ - cos¢o), (8)
where ¢o and cPo are the values of¢ andcP att= O. A
plot of¢ versus ¢ is shown in Fig. 2. It is well known
that this equation represents the motion of a rigid
pendulum. Closed orbits in the phase plane rep-
resent oscillatory motion, with frequency varying
from n for small-amplitude motion to zero for a
phase swing of 21T; open orbits on the other hand
represent continuous rotation.
For the problem of wave and particle, a more
direct mechanical analogy is provided by a ball
rolling on a sinusoidally modulated surface moving
with uniform velocity f3~c. Particles can oscillate in
the troughs, or roll continuously forwards or
backwards.
If¢« W, so that the two terms on the right-hand
side of Eq. (3) are nearly equal, then the energy
difference between the "synchronous" particle, for
which ¢ = 0, and any other particle, is pro~ortional
to ¢. This may be seen by noting that ¢ is pro-
portional to the velocity difference ~f3c between the
two particles so that the energy difference becomes where x = Y2¢ ot.
= 0;t3 {~ei:Xr}, (10)
As a first step towards calculating the energy
interchange between a particle beam and a wave, we
now calculate the average, for particles uniformly
distributed in ¢o, of ¢(t) - ¢o when the change of
wave amplitude can be neglected. Such particles
may be represented in the phase-plane at t = 0 as a
horizontal line. As t evolves, the line becomes
curved as the various particles move along the
trajectories shown in Fig. 2. Such cu~es are shown
in Fig. 3 for various values of t and ¢o. It is not in
general possibl~ to fin~ a closed analytical ex-
pression for < ¢(t) - <Po > (where angle brackets
denote the average). The expression for ¢(t) in-
volves elliptic integrals, and the average over ¢o is
best found numerically. This has bee~ done, for
example, by Planner l as a function of ¢o and t.
For small times, however, an analytical ex-
pression can be derived for < ~t) - ¢o >. This is
done in the Appendix. The result is
f 2IT1 ..< ¢(t) - ¢o > =::- (¢(t) - ¢o)d¢o27T 0
(7)
(6)






FIGURE 2 Phase-plane representation of the solution of Eq. 8. As time varies, particles move along the trajectories
shown. Within the separatrix, the mean value of ¢ for a given particle approaches zero when measured over a time
t » n -1. Such particles are said to be trapped.
The range of validity of this expression is
Asymmetry between particles gaining and losing
energy only appears in the fourth order in t.
(13 )
wave and small-amplitude phase oscillations re-
spectively. The simplest device in this class is the
nonrelativistic traveling-wave tube, in which space-
charge forces in the beam are negligible. This has
been analyzed for example by Webber. 2 His paper
shows a pendulum and phase diagrams equivalent to
Fig. 2. A useful description of a practical device
requires inclusion of the growth of the wave along
the tube; this requires an extension ofthe theory and
the introduction of the concept of "series im-
pedance," which relates the field intensity to the
power flux. Numerical methods then become neces-
sary; the results of such computations and com-
parison with experiment may be found in Ref. 2. In
this device, m* = mo.
In the type of interaction described so far, the
frequency and wave number of the wave (apart from
the harmonic variation) are independent of position
or time. In particle accelerators, on the other hand,
either kz varies withz or else w varies with t, and the
basic phase equation takes the form
(11 )
At values of ¢o/O for which there are values of ¢o
within the separatrix, this represents a fraction ofthe
oscillation period 217/0; at large values of ¢o/O, on
the other hand, it represents many cycles of oscil-
lation. For even shorter times, t « 1/¢o, Eq. (10)
simplifies to
IV. SOME PRACTICAL SYSTEMS.
TRAVELING-WAVE TUBES AND
PARTICLE ACCELERATORS
The wave-particle configuration which has been
analyzed is characterized by rather few variables.












FIGURE 3 Evolution with time ofan ensemble ofparticles which at time L= 0 are uniformly distributed in cb, but all have
the same Value or l/J. Figures at the bottom lett of each diagram denote l/J/n at T = 0, and the distribution at subsequent
times: the numbers on the curves represent time in units of n-1.
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V. CYCLOTRON AND CYCLOTRON
MASER
The quantity YtmOc2 is the transition energy. Above
this energy, which depends on the lattice structure of
the accelerator, the mass is effectively negative.
This means that if a particle gains energy, the mean
angular velocity in the accelerator is decreased. The
increase in velocity is more than compensated by
the fact that the particle moves on a slightly longer
path. For a linear accelerator I/Yt == o.
We consider now the classical cyclotron, in which
the magnetic field is uniform. For such a field "It == 1,
so that m* == -mo/{32, a quantity which tends to
infinity for nonrelativistic energies. The frequency
o is zero, and the analysis presented so far breaks
down. The rate ofchange ofphase remains constant,
and in the nonrelativistic case when the applied
frequency equals the cyclotron frequency, the par-
ticle is continuously accelerated or decelerated
in a spiral orbit. In the relativistic region, 0 is finite,
and an ensemble of initially monoenergetic elec-
trons in a uniform magnetic field (where there is no
preferred equilibrium orbit) can absorb or give up
energy by the mechanism described in section 3.
Such a device is known as a cyclotron maser.
Sprangle and Drobot7 have given a detailed analy-
sis. Their paper also contains an interesting
historical discussion and a list ofearlier references.)
It is interesting to compare the present approach
with that of Borenstein and Lamb in their treatment
of a classical laser.8 They consider the orbiting
particles as an ensemble of nonlinear oscillators,
and in this way the connection with optical lasers is
more direct. The present viewpoint, nevertheless, is
perhaps more appropriate when making comparison
with the free electron laser.
(15)m*==
bywhere ¢s is the stable phase angle. This is now the
equation of a biased pendulum, acted upon by a
fixed applied torque such that the equilibrium posi-
tion is at an angle ¢s to the vertical. Evidently the
possible oscillation amplitude is reduced, and the
separatrix in the phase plane does not extend from
-1T to +1T. Returning to the analogy of the ball
moving on a modulated surface, this is now at an
angle to the horizontal; the trapping range is less, but
all the trapped particles on the average steadily
increase in energy. Solutions of Eq. (13) are ex-
hibited in texts on particle-accelerator theory. 3 In
many accelerators the particles traverse a set of
gaps; in an orbital machine the same gaps are passed
many times. Such a field may be Fourier analyzed
into a set of space harmonics with the same w but
different kz ; only that harmonic with phase velocity
close to the particle velocity interacts coherently
with it.
Sometimes, for example in the Stanford two-mile
linac,4 the field is so strong and variation of velocity
with energy so small that y varies by a very large
factor during the period of one phase oscillation,
whereas in the theory outlined here the fractional
energy during the phase oscillation is small. Indeed,
less than one oscillation occurs in that whole
accelerator. It is interesting to note, however, that
behavior described by the present theory does occur
in linear accelerators, in the form of a backward-
wave oscillator effect which can give rise to beam
breakup.5 A wave with transverse electric field,
having wave length uncorrelated with the bunching
of the electrons, is generated. This produces a
sideways deflection of the electrons, which then
strike the walls. This has been analyzed in detail by
Wilson.6 Equation (20) of Ref. 6 may be compared
with our Eq. 10).
Two types of system have now been discussed. In
the first, the wave system is uniform, ¢s == 0, and the
synchronous particle moves at uniform velocity; in
the second, ¢s is finite, and the synchronous particle
is continuously accelerated.
In general, for a particle accelerator
0 2 == (heV cos ¢s/m*C), (14)
where C is the accelerator circumference, eV is the
maximum volts per turn (equal to eCE0 where Eo is
. the electric field of Eq. (1 )), and h is the harmonic
number, equal to CW/21T{3C, where w is the fre-
quency of the rf system. The effective mass is given
VI. FREE-ELECTRON LASER
In the devices studied so far, the condition ¢o == 0
corresponds to equal particle and wave velocities,
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*A different constraint now operates. See Appendix 2.
If "I1- denotes the value of "I which the electron has
when observed in a frame moving with velocity {3zC,







"I == yzy 1-.
w == W n k== k q + k r•
Ar 1 ( y2r 2 )
- -- 1+- (20)
Aq 2"1 2 -X2q
1 ( A;e 2B 2 )
-- I + --2-2-
2"1 2 moc
Using the relations
this may be written, when y » 1,
the velocity change to be in the z -direction. (The
action is as if the particle were in a smooth helical
tube.) Since r « Aq , the orbit and accelerating field
are almost orthogonal and the interaction may be
considered a second-order effect. This is the price to
be paid for relaxing the constraint on the transverse
dimensions.*
From Eqs. (16) and (17) the condition for syn-
chronism is
Ifyr«~, the second term in the bracket ofEq. (20)
is small, and "I ~ Yz, of y 1- ~ 1.
In applying Eqs. (2), (3), (5) etc. to the free-
electron laser, wand k are given by
The expression for k implies that the effective
wavelength is less than that of the radiation. This
can be seen as follows: if we take a snapshot of the
system at fixed t, then we find that the orbit helix is in
the opposite sense to that associated with the
polarization vector, and the repeat length of the
system is reduced by a factor Aq/(Ar + Aq) to the
value AqAr/{Aq + Ar ).
The value ofthe effective mass ofthe particles can
be found in a straightforward way by considering the
kinematics ofthe system. We leave it to the reader to
show that m* == yy;mo, which reduces (not un-
(17)
When W == wq the interaction between the electron
and wave is resonant -and the rate of energy gain or
loss depends on the phase of the electron. Since the
electric field is transverse, the coupling with the
particle is small, and the maximum rate of energy
transfer is (3zceEo(r/Xq ).
As an electron gains or loses energy from the field,
the value of (3z increases or decreases, giving rise to
phase motion in thez-direction ofthe type described
by Eq. (5). Although the force that accelerates the
electron is transverse, the magnetic field constrains
W == W r( 1 - (3z) == ck r( 1 - {3 z), ( 16)
where W r is the frequency ofthe radiation andkr is its
wavenumber; the angular velocity of the electron in
the helical field is
Eq. (3). This implies that the electromagnetic wave
is a "slow" wave, with phase velocity less than c.
This represents a severe limit at short wavelengths.
Waves of this type necessarily have a transverse
component of electric field, E 1-, which increases
rapidly from zero away from the symmetry axis. In
order that E 1- should not exceed E z , the transverse
dimensions must be less than about A/3.
This limit can be overcome by making use of a
more complicated form of coherent interaction in
which the wave moves faster than the particle; by
this means wave types with w/kz == c or greater,
which can be arbitrarily large in their transverse
dimensions, are available.· In order to provide this
nonsynchronous, coherent interaction, it is neces-
sary for either the particle orbit or the wave normal
to depart from a straight line, and to be oscillatory in
form. As a particular example we consider the
configuration in the Stanford free-electron laser.9,10
The electrons are constrained by means of a twisted
transverse magnetic field to move in a helix ofradius
r and pitch Aq , where r « Aq • In the Stanford
experiment these were 0.04 and 32 mm respect-
ively. Consider now a circularly polarized plane
wave traveling with wave normal along the axis of
the helix. Relative to an electron, the wave (in the
laboratory frame) moves forward with velocity
(1 - {3z)c, where {3z now represents the z-component
of {3. (For r ~ Aq , {3z ~ {3; for highly relativistic
electrons the difference may nevertheless be sig-
nificant, as will be seen below. ) The angular velocity
of the polarization vector of the radiation at the
electron is
INTERACTION BETWEEN WAVES AND PA.RTICLE STREA.MS 79
expectedly) to the value y3rno when the helix angle is
such that yr/kq ~ 1.
As a summary, values of rn *, 0 2 , and ¢ol~y for
some of the devices which have been discussed are
shown in Table I. The mechanism used in the free-
electron laser has also been proposed as an ac-
celerator and is clearly described with diagrams by
Palmer. I I Nonsynchronous coherent interaction has
also been employed in the Ubitron tube II and the
cyclotron-wave tube. I2 It may be regarded as a
parametric effect in which the field which produces
the electron orbit modulation is a wave with zero
frequency. 13
= 04t31 =~ (Sinx) 2
4 -= dx x
(23 )
Making use of the nonrelativistic relation ¢o =
w~ylf32 = w~f3/f3 (in table) and substituting for 0
(in table) Eq. (23) may be written in terms of the
energy loss per unit volume per unit time
TABLE I




Device m* 0 2 ¢o/~y
Nonrelativistic }traveling-wave tube. mo eEok wElectrostatic plasma mo f32
wave.
where n is the electron density. The attenuation
constant Q' for the field amplitude is equal to
(1/2W) (dWldt). Substituting for the stored energy
per unit volume, (kinetic plus electrostatic)
W 2 '2 = Y2eoEz and for the plasma frequency, w~ =
ne leorn, we find that Eq. (24) becomes
Cyclotron maser
ymo 2e2EBf3 we




(y »1) f3z y2m~c f3;y;y
1T [ iJF ]Q' = - w2 W
2 p iJ¢o ¢=o
[~~] (25)
VII. LANDAU DAMPING
The wave-particle interaction described in sections
2 and 3 is responsible for Landau damping; ifthere is
a distribution of particles F(¢o) initially uniform in
(jJ, then energy is given to or extracted from the wave
according to the sign of (iJFliJ¢o) at ¢o = O. The
particular formalism of section 3 allows this to be
found very simply. This general approach is a well-
known alternative to Landau's original one.
~irst, we evalu~te the i~tegral of <¢ - ¢o >
weIghted with F(¢o) over ¢o. Since the main con-
~rib~tion comes from the region near ¢o = 0, it is
JustIfiable to make a l;aylor expansion about this
~oint. Normalizing F(¢o) such that its integral over
¢o is ul}ity, we have, making use of Eq. (10) with
x = Y2¢ot,
the result obtained by Landau. IS It is clear from the
limits on the validity of Eq. (10) that for large values
of t, the damping coefficient Q' will vary with time.
Such a situation has been analyzed by O'Nei1 16 and
Bailey and Denavit. 17
VIII. CONCLUDING REMARKS
A general discussion of the interaction between a
traveling electromagnetic wave and a distribution of
noninteracting charged particles has been given.
The relation between several devices which rely on
suc~ i~tera~tion has been explored, and a simple
?erIvatIon gIven of the formula for Landau damping
In a plasma.
It must be emphasized that the theory in this paper
refers only to situations where the wave properties of
the charged-particle medium can be ignored. In
many practical devices, such as the traveling-wave
tube operating in the small-signal regime, and free-
electron lasers based on intense relativistic electron
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beams, this is not a valid assumption and a different
type of analysis is required. A formal discussion of
these two regimes may be found in papers by Kroll 18
and by Gover and Yariv. 19
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APPENDIX 1
(
Calculation of <cii../) - ¢o >, Eq. (8) Expanding and integrating, we find
0
2
{¢ - ¢o = 2¢o cos¢o
sin \ ( 2~25) sin(~t) \
This value of <P - <Po may now be inserted into Eq.
(A2), retaining the first two terms on the right-hand
side to give the next approximation. This gives rise
to a lengthy expression, which contains terms hav-




The expression for the mean energy loss ofparticles
uniformly distributed in ¢o when t === 0 will be
calculated for small values of t. Initially a series
expansion of Eq. (8) will be de~eloped. This equa-
tion may be written
~ - ~o = (¢~ + 20 2(cos¢ - coS¢O))lh - ¢o
(AI)
0 2 0 4¢ - ~ = ---;- (cos¢-cos¢ )- _.-.
¢ 0 2¢J
X (cos¢ - COS¢O)2 + ..... (A2)
When 20? ~ ¢& binomial expansion yields
(and others with cos in place ofeither or both sines).
The ·condition
now imposes a condition for the validity of the
expansion at this stage. Integration over <Po removes
terms of the order t 2; fourth-order terms, however,
remain to give Eq. (10). This analysis may be
compared with those of Colson,1O and Yariv and
Shih.20
This may be solved by iteration. The lowest order
solution, ¢ = ¢o + ~t, is inserted in the first term on
the right-hand side; the value of ¢ - ¢o is then
integrated to give a more accurate value. This is then
inserted into the first two terms to give a better value
of ¢ - ¢o. Thus
0 2¢- ~ = {cos(<Po+~t)-cos<po}. (A3)2~o
(~t) ( °.22 ) «12¢o' (A5)
APPENDIX 2
Constraint on transverse dimensions in free
electron laser
For practical purposes it is important to know the
nature of the constraint on the transverse dimen-
sions in the free electron laser. For illustration, we
consider helical geometry for the external magnetic
field. On the axis, the magnetic field has com-
ponents (Bocos(z/Xq), Bosin(z/Kq), 0). The con-
ditions that div B and curl B should be zero imply
that the mean field increases with a, the distance
from the axis; for small a, 8B = Y2Baa2/1\;. This
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where a and r, «< a), are the distance from the axis
and the radius of the orbit helix respectively.
This quantity must be less than ~(1 - (3z)'ArIL if
the phase-slip is to be less than Arl2 in a device of
length L . Using Eq. (18) this may be written
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